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ABSTRACT

The bankfull geometry of alluvial rivers is thought to be controlled by water and sediment supply, and characteristic sediment size. Here we
demonstrate a novel finding: when bankfull shear velocity and bankfull depth are correlated against bed material grain size and bed slope, they
are to first order independent of grain size and dependent on water viscosity. We demonstrate this using a similarity collapse for bankfull Shields
number as a function of slope and grain size, obtained with data for 230 river reaches ranging from silt-bed to cobble-bed. Our analysis shows that
bankfull Shields number increases with slope to about the half power. We show that the new relation for bankfull Shields number provides more
realistic predictions for the downstream variation of bankfull characteristics of rivers than a previously used assumption of constant bankfull Shields

number.

Keywords: River bankfull geometry; Shields number

1 Introduction

The bankfull geometry of alluvial rivers is characterized in terms
of bankfull width By, bankfull depth H,,; and bankfull discharge
Oyr (Leopold and Maddock 1953). The physics behind these
relations also involves characteristic bed material grain size D,
submerged specific gravity of sediment R (~1.65 for quartz),
water viscosity v, bed slope S and total volume bed material

load (bedload plus suspended bed material load) Oy at bankfull
flow (Parker et al. 2007, Wilkerson and Parker 2011).

A central question of river hydraulics is how channel charac-
teristics vary with flood discharge, sediment supply and sediment
size. The problem can be characterized in terms of relations for
By, Hyr and S as functions of Oy, Oy and D. Earlier attempts
to specify closures for these relations have assumed a specified
formative (bankfull) channel Shields number rg, (Paola et al.
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1992, Parker et al. 1998a, 1998b). The bankfull Shields num-
ber is useful as part of a closure scheme for bankfull geometry
because it provides, under the approximation of steady, uniform
flow, a relation for the product of bankfull depth and bed slope.
Based on earlier work of Parker (1978), Paola et al. (1992)
first used the assumption of constant bankfull Shields number
to study the response of a gravel-bed river profile to subsi-
dence. The corresponding assumption for sand-bed rivers, but
with a much higher bankfull Shields number, has been imple-
mented by Parker ef al. (1998a, 1998b). With a relatively sparse
data set, Parker et al. (1998a, 1998b) found that the bankfull
Shields number in alluvial streams could be crudely approxi-
mated invariant to other characteristics of rivers, e.g. bed slope.
The constant values 0.042 (Parker et al. 1998a) or 0.049 (Parker
2004) have been suggested for gravel-bed rivers, and the con-
stant values 1.8 (Parker er al. 1998b) or 1.86 (Parker 2004,
Parker et al. 2008) have been used for sand-bed rivers. These
authors used the assumption of a constant formative Shields
number, combined with momentum balance, continuity rela-
tions for water and bed material load, and bed material sediment
transport equations, to develop predictive relations for bankfull
width, bankfull depth and bed slope as functions of bankfull
discharge and bed material transport at bankfull flow. The result-
ing relations have been applied to study how rivers respond to
basin subsidence and rising base level (Paola ef al. 1992, Parker
et al. 1998b, Parker 2004) and how deltas evolve (Kim et al.
2009).

Here we rely on three compendiums of data on bankfull
characteristics of single-thread alluvial channels to revisit the
empirical formulation for bankfull Shields number (Parker ef al.
2007, Wilkerson and Parker 2011, Latrubesse, personal com-
munication). The data base includes 230 river reaches, with
Oy varying from 0.34 to 216,340 m?>s™!, Bj; varying from
2.3 to 3400m, Hys varying from 0.22 to 48.1m, S varying
from 8.8 x 107% to 5.2 x 1072, and D varying from 0.04 to
168 mm. One reach from the original data was omitted as
the representative grain size was much finer than the other
reaches.

The data used in Parker et al. (2007) pertain to rivers for
which D > 25 mm. They were obtained from four sources, the
references for which are documented in the original paper on
page 3 and the list of references. The data used in Wilkerson
et al. (2011) pertain to rivers for which D < 25mm. They
were obtained from 26 sources, the references for which are
documented in Table 1 in the original paper and the list
of references. The data from Latrubesse (personal commu-
nication) pertain to tropical sand-bed rivers, most of them
very large (i.e. bankfull discharge > 20,000 m*s™"). These data
were screened in detail to determine suitability for analysis.
For example, the large data set of Soar and Thorne (2001)
was excluded because bankfull discharge was computed rather
than measured. The entire data set used in this study can be
downloaded from the site: http://hydrolab.illinois.edu/people/
parkerg//VariableShieldsModelBasicData.htm.
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2 Formulation of the new relation for bankfull Shields
number

We estimate bankfull boundary shear stress ;¢ using the normal
flow approximation for momentum balance:

Ty = pgHyrS (1

where p is water density and g is gravitational acceleration. The
dimensionless Shields number is

* Tof
= — 2
T, 2RgD )

Here R = 1.65 is the submerged specific gravity for quartz.
Between Egs. (1) and (2),

HyeS
* — 7 3
W = gD 3)
We define dimensionless grain size D* as (van Rijn 1984)
. _ RS

where v denotes the kinematic viscosity of water. In all the calcu-
lations here, v is assumed to take the value 1 x 107% m?s~! in the
absence of direct measurements. It is worth noting, however, that
for water, v varies only from 1.52 x 107% t0 0.80 x 10~ m?s~!
as temperature varies from 5 to 30 °C.

Figure 1a shows a plot of 7, versus D* in the form of a
Shields diagram (Parker et al. 2008), with lines indicating the
approximate inception of bedload transport and the approximate
initiation of significant suspension. The data have been stratified
into five grain size ranges: 0.04—0.062 mm (silt), 0.062—0.5 mm
(very fine to medium sand), 0.5-2 mm (coarse to very coarse
sand), 2—25 mm (fine to coarse gravel) and 25—168 mm (coarse
gravel to cobbles). The data cover the range from suspended
load-dominated rivers to bedload-dominated rivers. The figure
shows a consistent trend, with 7, decreasing with increasing D*,
that has been noted earlier by Dade and Friend (1998).

Figure 1b shows a corresponding plot of rz;;- versus bed slope
S, with the same grain size discrimination: it is seen that IZ}- isan
increasing function of S through every grain size range. While a
tendency for critical Shields number (corresponding to the onset
of motion) to increase with S has been reported previously (Lamb
etal. 2008, Recking 2009), here we demonstrate this tendency for
bankfull Shields number as well. This tendency was first noted for
a data set corresponding to D ranging from 17 to 36 mm (Mueller
and Pitlick 2005) here we demonstrate it over D ranging from
0.04 to 168 mm.

Figure 1 suggests the use of similarity collapse to obtain a uni-
versal relation for rgf as a function of S and D*. We performed
the analysis by seeking an exponent m in the relation r,j‘f ~ 8",
applicable to all grain sizes, and then performing a power regres-
sion analysis of 7,./§™ versus D*. The relation so obtained is
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Figure 1 Bankfull Shields number rg} versus (a) dimensionless grain
size D* and (b) bed slope S for rivers ranging from silt-bed to cobble-bed.
The data are stratified into five grain size ranges. Note that rb’;, increases
with slope for every grain size range. Also shown in (a) are lines denoting
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= 1223(D*)~ 19080534 " with a coefficient of determination

Ty
R{ = (0.948, as shown in Fig. 2. Rounding appropriately,

o, =B (DY) s” (5)

where § = 1220 and m = 0.53.

1E+4 - - -

7, 1S953= 1220(D*) L
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Figure 2  Similarity collapse for 1'2}/5053

relation, i.e. Eq. (5), is shown in the plot

versus D*. The regression
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The conclusion in Eq. (5) that the exponent of D* is —1.00 is
confirmed by splitting the data into two subsets, one for which
D < 25 mm and one for which D > 25 mm. The corresponding
exponents of D* are —0.096 and —1.048, i.e only a very modest
deviation from -1.00. It is seen from Eq. (4) that D* depends on
v~2/3. As noted above, v has been set equal to 1 x 107 m?s™!,
i.e. the standard value for water. In order to study the effect of
varying v, this parameter was randomized between the values
0.80 x 107°m?s~! (30°C) and 1.52 x 10~®m?s~! (5°C). The
randomization was different for each river reach. Ten implemen-
tations of this randomization yielded exponents ranging from
—0.9904 to —1.0004.

3 Implications for bankfull shear velocity and depth

The value of the exponent of D* in Eq. (5), i.e. -1, has an unex-
pected consequence. The definition for 7, of Eq. (2) is such that
it varies as D!, but the right-hand side of Eq. (5) also varies as
D~!'. Defining bankfull shear velocity u, as

Ty 1/2
Ushf = (-) (6)
P

it follows that bed material grain size precisely cancels out in
the relation for bankfull shear velocity from Egs. (2), (5) and (6).
With the aid of Eq. (5), Eq. (3) can be solved for Hyr; and the bed
material grain size again cancels out in the relation for bankfull
water depth.

The present analysis thus yields a remarkable, and indeed
counterintuitive result: bankfull shear velocity and bankfull
depth do not depend on the characteristic grain size of the bed
material, as shown by the resulting dimensionless relations,

L = 35.08%%¢ (7a)
Hyr = 1220874 (7b)

where the dimensionless shear velocity i, and depth Hpy
are

~ u*bf

" g o
o Hyg”

Hyr = Rv)B (8b)

Equations (7a) and (7b), which are compared against the original
data set in Figs. 3a and 3b, are of a curious form. Firstly, they
specify bankfull shear velocity and bankfull depth independent
of characteristic bed grain size across the entire grain size range
studied here (0.04—168 mm). Secondly, they show a dependence
on kinematic viscosity across the same grain size range, and
across the entire range of flow discharges (0.34-216,000 m3s™").

In so far as Eqgs. (2) and (5) both depend upon D!, the
absence of grain size dependence in Eq. (7a) and (7b) might
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Figure 3 (a) Dimensionless bankfull depth Hbf = Hbfgl/ 3 /(Rv)2/3
and (b) dimensionless bankfull shear velocity wyyr = typr/ (Rgv)l/ 3
versus bed slope. The dashed lines represent direct power-law fit of
the data. The solid lines represent the relations described by Eq. (7a)
and (7b), also displayed on the plots

be the result of spurious correlation. This, however, is not the
case. Equation (7b) defines a relation between two independent
dimensionless groupings, i.e. Hyrg'/*(Rv)?/ and S. As shown
in Fig. 3a, a direct regression of the data yields a relation that
differs little from Eq. (7b). A regression line for dimensionless
shear velocity is also shown in Fig. 3b; both regression lines are
very close to Eq. (7a) and (7b), respectively.

Thus when bankfull shear velocity and bankfull depth are
correlated against slope and grain size, they are (to first approxi-
mation) independent of grain size and dependent on the kinematic
viscosity of water (in addition to slope). This conclusion would
appear to contradict the results of a half-century of research
on sediment transport dynamics and river morphology. Here
we offer a hypotheses for the resolution of the conundrum of
kinematic viscosity dependence. Our hypothesis is related to the
existence of the floodplain itself. Bankfull depth is described by
the sum of the thickness of the lower noncohesive layer in the
floodplain (here characterized by D) and the upper thickness of
finer material emplaced by floodplain deposition from wash load
(Lauer and Parker 2008, Parker et al. 2011).

There is likely at least one “hidden” variable in the data of
Fig. 2 which gives rise to the form of Eq. (5) for bankfull Shields

Variable Shields number model for river bankfull geometry 39

number, and thus the dependency on viscosity, but lack of depen-
dency on grain size in Eq. (7a) and (7b) for bankfull shear velocity
and bankfull slope. The grain size D used in the analysis is a char-
acteristic size of the bed material. There is a second, often much
smaller size that characterizes the bank and floodplain material,
here denoted as Dp,,;. This parameter also characterizes the size
of the sediment suspended in the upper layer of the water column
that spills onto, and emplaces the floodplain when the river goes
overbank. As seen from Fig. 1, this size is likely to be less than
0.5mm. It is thus in a grain size range where fall velocity is a
strong function of Reynolds number. More specifically, dimen-
sionless fall velocity Ry pank = Vs pank / (REDp i), Where v pani is
the fall velocity associated with a characteristic diameter of the
size Dpant, is related to D} = (Rg)'/* Dy /v?/? through stan-
dard relations for fall velocity (e.g. Dietrich 1982). For example,
Eq. (7a) can be rewritten as

Usbf  \~1/2 ¢0.26
m =35.0 (Dbank) S )
thus illustrating how viscosity can enter the problem across
scales.

An independent data set on gravel-bed rivers is available to
evaluate the hypothesis of viscosity dependence via fine-grained
material from which the floodplain is constructed. The data set of
Hey and Thorne (1986) includes 62 river reaches, divided into
four classes, Vegetation Types I-IV in accordance to increas-
ing bank height and floodplain vegetation density. In addition
to the parameters specified above, that data also include bank
material size Dy, for 58 of the reaches. Hey and Thorne (1986)
indicate that higher vegetation density correlates with narrower
and deeper reaches. It is a reasonable inference that narrower and
deeper reaches have thicker floodplains characterized by the size
Dpani rather than bed material size D.

We first demonstrate that the data of Hey and Thorne (1986)
show the same pattern as the data used above. Figure 4a is a
version of Fig. 2, but in which the new data set has been included.
For each Vegetation Type the data are further partitioned between
channels with bed material greater than 25 mm (D > 25 mm in
Figs. 4 and 5) and channels with bed material finer than 25 mm
(D < 25mm in Figs. 4 and 5). The new data clearly follow the
same trend as the previously used data, to which Eq. (5) provides
a good fit. Figure 4b shows an expanded view of Fig. 4a in which
only the new data are plotted. Figure 4b shows a tendency for
7;7/S" to increase with increasing vegetation density. This can
be inferred to be associated with thicker floodplains emplaced by
fine-grained material versus D* for their data, along with Eq. (5).
It is seen that the data generally follow Eq. (5), but also show
a tendency related to floodplain thickness. That is, the value of
7,7/S"> increases with increasing vegetation density.

Figures 5a and 5b are versions of Figs. 3a and 3b in which the
new data have been added. Again, the data fit well within previous
data, and Eq. (7a) and (7b) provides reasonable fits. Thus the
new data tend to confirm the result that bankfull shear velocity
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the highest bank height and greatest floodplain vegetation density. The
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0.1

and bankfull depth are, to first order, dependent on viscosity but
independent of bed material grain size.

Figure 6 shows a plot of dimensionless fall velocity Ry =
v/ (RgD)'/? versus D* = (Rg)'/3D/v*3, where here v, is an
arbitrary fall velocity and D is an arbitrary grain size. The curve
shown therein is that of Dietrich (1982). Also shown on the plot
are the values of Ry computed from the same relation, using
the grain size Dy, from the 58 reaches of the Hey and Thorne
(1986) for which Dy, is specified. It is important to keep in
mind that Fig. 6 is not a comparison of measured versus predicted
values. Instead, it shows that over the entire range of the data of
Hey and Thorne (1986), the fall velocity of the bank/floodplain
material can be expected to be strongly dependent on viscosity.
It follows that bankfull Shields number and bankfull depth can
be expected to include a viscosity dependence, as long as fine-
grained material plays a substantial role in building the floodplain
that confines the channel.

4 General relations for bankfull characteristics

The characteristic grain size of the bed material D, however,
does indeed enter the picture through predictive relations for
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versus

Hyr, Byr, and S as functions of Opr and Qp,r. Such relations can
be derived by augmenting Eq. (5) with (a) momentum balance
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as approximated by Eq. (1); (b) the continuity relations

Ovr = UprHyy By (10a)
Oy = qurf Bor (10b)

where Uy is bankfull flow velocity and ¢, is volume bed mate-
rial transport rate per unit width at bankfull flow; (c) the definition
of the dimensionless Chezy resistance coefficient Cz:

U U,
Cr=—2L_ ==Y (11)

Ve Uy

(d) a specification of Cz; and e) a predictor for g,.
The calculations can be performed for any pair of relations
for Cz and gr. An example generic relation for g, is

dur = /RgDDa, [W,;; — r:] (12)

where o, ¢, n, are arbitrary coefficients and exponent of the
sediment transport relation (Parker 2004). Equations (1), (2)
and (10)<(12) can be reduced to produce the three relations for
bankfull characteristics,

1
ny
o ((psr;f — rg‘) ~/RgDD

By = Onr (13)

*

Da; ((psr;f -1 >n, o)
¢ b
Hy = =Y (14)

e Oy

L\32
(R‘L'bf) Cz Ql‘bf
o (g — ) VRO

S =

(15)

Equations (13)—(15) cannot be solved explicitly in terms of sim-
ple power laws when 1 is not equal to zero, because t[;f is a
function of § as specified by Eq. (5). In this case, an iterative
technique may be useful to obtain a solution. The above rela-
tions are general, and apply for any specification for 7, and Cz.
The constant Shields formulation is recovered by setting r,;} and
Cz to prescribed constants.

5 Relations for bankfull characteristics for sand-bed
streams

In the case of sand-bed streams, the Engelund—Hansen total bed
material load relation (Engelund and Hansen 1967),

5/2
quy = appCz*/RgDD (IE}) (16a)

agy = 0.05 (16b)

is used because it is accurate for sand transport (Brownlie 1981)
and allows solution in closed form in terms of simple power laws
that clearly elucidate the results.

The resistance coefficient Cz is often specified with a set value
of Manning’s #, but this is not reliable for, e.g. rivers dominated
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by bedform resistance (Ferguson 2010). The subset of the data
used here corresponding to grain sizes between 0.0625 and 2 mm
is thus used to find an empirical relation between Cz at bankfull
flow and bed slope S. Figure 7 shows Cz versus S for the entire
data set, as well as the regression relation

Cz = apS™™® 17)

where ap = 2.53 and np = 0.19, determined for the indicated
subset. The data show substantial scatter, which is to be expected
in light of, e.g. varying bedform regimes, bar configuration and
channel sinuosity. Equation (17), however, captures the overall
trend for Cz to decline with increasing S.

Equation (17) is an empirical relation that was first proposed
in Chapter 3 of Parker (2004). As noted above, it is likely superior
to a formulation using Manning’s », which needs to be guessed
or determined from site-specific data for most rivers (Ferguson
2010).

Substituting Egs. (5), (16a), (16b) and (17) into Eqs. (13)—
(15), the following relations for bankfull characteristics of sand-
bed streams with characteristic bed size ranging from very fine
to medium sand result:

Bbf (D*)2‘5
D ‘XEH\/EOllzgﬁz'S [RD*/o{EHaRﬂ](Z.Sm—ZnR)/U+m—nR)

thf —(2.5m—2ng)/(14+m—ng) thf 8
x| = —— (18)
Opr /gDD
Hbf aEHaR,BZ RD* (2m—ng)/(1+m—ng)
D (DY [aEHaRﬂ}
(2m—ng)/(1+m—ng)
y ( Ouwf ) Our (19)
Qpr Ouy
g |: RD* :|l/(l+m—n1e) (thf)l/(Hm—nR) (20)
appoRf Owr
100 : : : :
i i Po
| | 1 O |
o] 2] | |
2 @ @pP :
i R~ o (i) i
N lo ........... a 0) & ---e-- S —
O - o :
: P 509000 :
Cz=25380° b oi%%
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: : I
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Figure7 Plotof dimensionless Chezy resistance coefficient Cz at bank-
full flow versus slope S. Data are shown for only two grain size ranges
of Figs. 1 and 2, covering D — 0.0625 mm to 2 mm., i.e. very fine to
medium sand. The regression relation shown in the figure, i.e. Eq. (17),
was obtained only using data for D — 0.0625 mm to 2 mm
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In light of Fig. 2, these relations have a much stronger empir-
ical basis than corresponding relations presented elsewhere
based on constant bankfull Shields number and Chezy resis-
tance coefficient (Parker er al. 1998a, 2008, Parker 2004). The
above relations have been used in a model of co-evolving river
width and sinuosity in meandering rivers (Eke 2013), and can
be used as the basis for improved morphodynamic models of
channel-floodplain or channel-delta co-evolution (Kim et al.
2009).

6 Comparison of bankfull characteristics relations for
sand-bed streams: from constant Shields number versus
the proposed formulation

In the case of constant T,j‘f and Cz, Equations (13)~(15) can be
used to express the exponent dependency of Hy, By, and S on

Ovr, Qwyr, and D:

By ~ QpQpye D" (21a)
Hyr ~ 03,0 D' (21b)
S ~ 0, Oy D° )

Similarly, exponents in Egs. (18)~+20) for the proposed formu-
lation, with m = 0.53 and ng = 0.19, as determined for Egs. (5)
and (17), are, respectively:

By ~ Oy O D (222)
Hbf ~ Q}?;SQIZJQSSD—OSS (22b)
S ~ Q[:fojs Q?b./7_5D0.75 (22C)

The resulting equations with: constant bankfull Shields number,
i.e. Eq. (21a)+21c), and the proposed relations, i.e. Eq. (22a)—
(22¢) gives fundamentally different predictions for Byr, Hyy,
and S.

In the proposed formulation, (a) bankfull width increases with
increasing flood discharge, sand supply and sand size (with the
respective exponents 0.71. 0.29 and 0.29); (b) bankfull depth
increases with increasing flood discharge, and decreasing sand
supply and sand size (with the respective exponents 0.35, —0.35
and —0.35); and (c) slope increases with decreasing flood dis-
charge, and increasing sand supply and sand size (with respective
exponents —0.75, 0.75 and 0.75).

It is useful to recall that the correlation of bankfull Shields
number with slope and grain size specified by Eq. (5) dictates
that bankfull shear velocity and bankfull depth are independent
of grain size (Eqgs. 7 and 8). Equation (22a)~(22c), however,
indicates that when slope, bankfull width and bankfull depth
are expressed as functions of the three parameters bankfull dis-
charge, sediment transport rate at bankfull discharge and grain
size, all the relations show a dependence on grain size. This is
because grain size enters the formulation via Eq. (5) for bankfull
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Shields number and Eq. (16) for bed material transport rate, in
both cases as the inverse of grain size.

The constant bankfull Shields formulation of Eq. (21a) sug-
gests that By is independent of Opr (With an exponent of 0)
and strongly decreases with an increase in the median grain size
diameter (with an exponent of —1); this is quite divergent from
our proposed Eq. (22a) which shows strongest dependence on
flood discharge (exponent of 0.71). In addition, the dependency
Hyr on Qpr and Oy on Hyy with our proposed Eq. (22b) is such
that the magnitude of the exponents are reduced by a factor of
nearly three as compared to Eq. (21b) for constant Shields num-
ber. The dependence of S on Oy and Qs in our proposed relation
(22c¢) is similar to the constant Shields number Eq. (21¢), but the
magnitude of the exponents are muted. Our proposed Eq. (22¢)
shows a strong dependence of S on grain size (exponent of 0.75)
whereas the constant Shields number Eq. (21c) is independent
of grain size.

7 Application to morphodynamic modeling: case of the
Fly-Strickland River system, Papua New Guinea

The proposed relations for bankfull characteristics (i.e. Eqs. 18—
20) can be used to model morphologic changes of a self-formed
channel and adjacent floodplain. In order to do this, it must be
assumed that the change of a self-formed channel is slow enough
that floodplain morphology can keep up with it, so that the chan-
nel neither avulses during aggradation or strongly incises during
degradation.

Our relations for rl;} and Cz, i.e. Egs. (5) and (17), represent
regression of data with the scatter shown in Figs. 2 and 7. Thus in
any application to a specific river, it is appropriate to normalize
Egs. (5) and (17) relative to a known reference slope Sg, at which
7, takes the known reference value 7z and Cz takes the known
reference value Czg. With this in mind, Egs. (5) and (17) are
normalized to the respective forms

S m
rb’;. =15 <§) (23)
S\ TR
Cz = Czp (S—> (24)
R

where the exponents m and nyp are those of Egs. (5) and
(17), respectively. These exponents maintain the trends cap-
tured in empirical relations, but emanate from a single data point
rather than regressed average of all data points. We re-evaluate
Egs. (18)+20) with Egs. (23) and (24) to the forms

By 1

D (XEH\/]_?CZIZQTEZ'S [R/(XEHSRCZRT;

5 (thf ) —(2.5m—2ng)/(1+m—ng) thf
Owr V/gDD?

](Z.Sm—2nR)/(1+m—nR)

(25)
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H R (2m—ng)/(1+m—ng)

i = (XEHCZR‘L’;;z —_—
OlEHSR CZRT;S
(2m—ng)/(1+m—ng)

y < Ouy ) Ovr 26)

Opr Ouwr
m—ng 1/(1+m—ng) 1/(14+m—ng)
S = [—RSR } <_Q”’f ) (27)
(69574 CZR‘L’I}k Qbf

Parker et al. (2008b) and Lauer et al. (2008) have studied the
response of the Fly-Strickland River system to Holocene sea
level rise due to deglaciation of 10 mm/year for 12,000 years.
Large, low-slope rivers worldwide show the imprint of this rise.
Parker et al. (2008b) analysed the problem in the context of the
constant Shields number model for hydraulic geometry. Here we
show the differences in the results that arise when we instead
apply our proposed model.

The Fly-Strickland River system in Papua New Guinea drains
an area of approximately 75,000 km? and consists of the Strick-
land River, Fly River and tributaries such as the Ok Tedi (Fig. 8).
The Fly River is segmented into the Upper Fly, Middle Fly, and
Lower Fly, bounded by junctions with the Ok Tedi and Strickland
Rivers, respectively. The confluence of the Fly and the Strickland
rivers is called Everill Junction (Parker et al. 2008).

The Fly-Strickland River system begins in the highlands,
where the streams are dominated by bedrock and gravel-bed

Kilomete l\
150 200

Figure 8 Aerial view of the Fly-Strickland River system, from
1987-1994 NASA/USGS Landsat TM data. The study reach extends
from the gravel-bed transition to 200 km downstream
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morphologies. Farther downstream, as the slope gradient
decreases, both the Fly and Strickland rivers transition into fully
alluvial gravel bed-streams (Parker ef al. 2008). Even farther
downstream, the two rivers transition into low-gradient sand-bed
streams about 240 km upstream of Everill Junction (Parker ef al.
2008) and approximately 600 km upstream of the modern delta
(Lauer et al. 2008). Here, we consider only the sand-bed portion,
downstream from the gravel-sand transition but upstream of the
tidally influenced delta. The Fly-Strickland River is selected for
this study because of its relatively homogeneous climatic and sea
level forcing (Lauer ef al. 2008) and the availability of data.

Parker et al. (2008) present a model for self-formed rivers
using bankfull characteristics of the Fly-Strickland River sys-
tem and a constant bankfull Shields number 7, = 1.82. In their
model, the portions of the Middle Fly and Strickland rivers
between the gravel-sand transition and the Everill Junction are
combined into a single reach for simplicity. We use this assump-
tion and identical parameters, but also include reference values
selected from Parker ef al. (2008) at the most upstream point of
the modelled reach, i.e. just downstream of the sand-gravel tran-
sition of the Strickland River. These parameters, some of which
are defined below, are specified in Table 1.

Our analysis differs from that of Parker ez al. (2008) in regard
to the downstream of the reach. In Parker et al. (2008), the reach
ends in a delta, which may advance or retreat depending on sed-
iment supply and the rate and duration of sea level change. In
the work presented here, the location of the downstream end
is held constant for simplicity, but the bed elevation there is
allowed to vary in accordance with the sea level change (Parker
2004). We apply this constraint to both the case of constant

Table 1 Fly-Strickland River system model parameters, from
Parker ef al. (2008)

Parameter Value Units Descriptions

Opr 5700 m3s~! Bankfull water discharge

Iy 0.175 — Flood intermittency

Owgr 0.80 m3s~! Sand feed rate during
floods

A 1.0 - Mud/sand deposition ratio

Q 2.0 - Channel sinuosity

D 0.25 mm Characteristic sand grain
size

By 12,000 m Floodplain width

Ap 0.35 — Porosity of
channel/floodplain
complex

R 1.65 - Submerged specific
gravity of sediment

&4 10 mm/year  Rate of sea level rise

Sk 0.0001 — Reference slope at
sand-gravel transition

s 1.82 — Reference bankfull Shields
number

Czg 25 — Reference Chezy friction
factor
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bankfull Shields number and our proposed formulation with
variable bankfull Shields number.

Parker (2004) outlines the steady-state analytical (closed-
form) solution for the river profile under a constant rate of sea
level rise. It is this steady-state analytical (closed-form) solution
that we seek here. As opposed to the backwater formulation of
Parker et al. (2008), we use the normal flow formulation of Parker
(2004) for simplicity. The Exner equation is used for sediment
conservation, accounting for channel sinuosity, flood intermit-
tency, floodplain width, and mud deposition. It is assumed that
morphodynamically significant sediment transport takes place
only during floods (Nittrouer et al. 2011). The model assumes
that sediment is transported within the channel, but is deposited
evenly across the channel-floodplain complex as the channel
reworks the floodplain by migration (Lauer and Parker 2008).
The resulting form for the Exner equation is

an LU+ A) I0uy
at  (1—2A)Br dx

(28)

where 7 is bed elevation, ¢ is time, I is the flood intermittency
(the fraction of time that the river is in flood), €2 is channel
sinuosity, A is a ratio defined as the fraction of mud deposited
in the channel-floodplain complex per unit sand deposited, 4, is
porosity of channel/floodplain sediment deposit, By is floodplain
width, and x is the downstream coordinate (Parker ef al. 2008).
Downstream bed elevation is set to sea level, that is,

N(L, 1) = &Eqp + Eat (29)

where L is the reach length, &, is the initial sea level elevation,
and &, is an assumed constant rate of sea level rise. Furthermore,
bed elevation n(x, ¢) is represented in terms of downstream bed
elevation and the deviation 14, (x,7) = n — n(L, ), such that

n= gdo + édt + Ndev (x,7) (30)

Under steady-state condition relative to the sea level, 974, /0t =
0, thus Egs. (28) and (30) reduce to

LR+ A) 30w

=250 o

1)

Here we calculate the bed material load Oy with Eq. (31), and
then By, Hyr and S are calculated by Egs. (25)+27) for our
proposed model with varying bankfull Shields number, and by
Egs. (18)~20) with 7, and Cz held constant to the reference
values of Table 1, and ¢, =1, v} =0, n, = 2.5 and o; = gy
(Engelund—Hansen relation).

Modeling results for steady-state bankfull width, bankfull
depth, bed slope, and deviatoric bed elevation are shown in
Figs. 9—12. In the case of constant bankfull Shields number,
the bankfull depth increased from 7.38 to 62.9 m over 200 km
of channel, equivalent to an unrealistic 850% increase (Fig. 10);
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Figure 9 Model predictions for the downstream variation of bank-
full width for the Fly-Strickland River system under conditions of
steady-state response to constant sea level rise. Results are shown for
both the constant bankfull Shields number model and our proposed
variable bankfull Shields number model
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Figure 10 Model predictions for the downstream variation of bank-
full depth for the Fly-Strickland River system under conditions of
steady-state response to constant sea level rise. Results are shown for
both the constant bankfull Shields number model and our proposed
variable bankfull Shields number model
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Figure 11 Model predictions for the downstream variation of bed slope
for the Fly-Strickland River system under conditions of steady-state
response to constant sea level rise. Results are shown for both the con-
stant bankfull Shields number model and our proposed variable bankfull
Shields number model
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Figure 12 Model predictions for the downstream variation of devia-
toric bed elevation for the Fly-Strickland River system under conditions
of steady-state response to constant sea level rise. Results are shown
for both the constant bankfull Shields number model and our proposed
variable bankfull Shields number model

the majority of this change occurs over the last quarter length of
the channel as depth increases. Our proposed formulation with
variable bankfull Shields number shows a more muted increase
in bankfull depth, from 7.46 m at the upstream end to 15.8 m at
the outlet. Both cases are shown in Fig. 10.

Bankfull width linearly decreases by 88% (360.2—42.2 m)
in the constant bankfull Shields number formulation, but non-
linearly decreases only by 53% (355.7—189.1 m) with the pro-
posed variable Shields number formulation (Fig. 9). Correspond-
ing widths extracted from the most recent Google Earth image
are 420 and 300 m, corresponding to a 29% decrease (Table 2).
Both cases are shown in Fig. 9. The variable Shields number
formulation is clearly more in accord with the data. A major
part of the discrepancy between the observed percentage width
decrease and that predicted by our proposed model is likely due
to the fact that the model results assume constant sea level rise
of 10 mm/year, whereas in reality the rate of sea level rise had
changed in time.

The differences in slope and bed elevation profile predicted
by the two models are relatively weak, but still evident (Figs. 11
and 12). The proposed relation results show a metre or more
difference in bed elevation between the two models over the
first 100 km of studied reach. Previous results using the con-
stant bankfull Shields number model paired with Exner equation

Table 2 Measurements of bankfull channel widths (in
kilometres) of the Fly-Strickland River system, at the
gravel-bed transition and just upstream of Everill Junction,
from 4 September 2013 Google Earth Landsat image

Gravel-sand Just upstream of

Measurement  transition (km)  Everill Junction (km)
1 0.48 0.32

2 0.41 0.33

3 0.38 0.28

4 0.42 0.28

5 0.3

Average 0.4225 0.302
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gave adequate values for bed elevation (Parker et al. 2008), but
unrealistically strong downstream variation in width and depth.

Figures 13 and 14 plot the results for both models over
observed data of Figs. 2 and 7, respectively. Figure 13 shows the
upstream (reference) and downstream values of 7, /8933 versus
dimensionless grain size D*, and Fig. 14 shows the upstream (ref-
erence) and downstream values of Cz against the corresponding
values for bed slope S. In the case of constant bankfull Shields
number r,;‘f remains constant. In the case of our proposed variable
bankfull Shields number model, T}ff increases downstream, the
upstream value is at the middle of the scatter of the data, and the
downstream value is only slightly outside of it. In the case of Cz,
the results of our model follow the trend of the data, whereas the
constant Shield stress model does not. In both figures, however,
the values for both models fit within the scatter of the data.

1E+4 T - :
| Downstream, constant Shields number
T — ¥/, Upstream, cofstant Shields rumber_____
[ | Reference values 7', St
TP R - ...} Upstream andidownstream
%) ; ivalUes in proposed relation
i | 5 |
S Fomm e I oo
Natural rivers :
1E+0| ¢ Constant Shields number ------------3 PO~~~
Proposed relation :
1 —Fit to observed data :
1 10 100 1000 10000

D*
Figure 13 Results of the steady-state model for Shields number subject
to constant sea level rise, plotted with the data and regression line of
Fig. 2. The arrows show the reference values of rb’} at the upstream
end of the reach, and the upstream and downstream values of r,;‘f in the
constant and our proposed variable bankfull Shields number models.
The downstream value for rb’; for the proposed bankfull Shields stress
model is the same as the upstream value
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Figure 14 Results of the steady-state model for Chezy friction coef-
ficient Cz subject to constant sea level rise, plotted with the data and
regression line of Fig. 7. The arrows show the reference values of Cz at
the upstream end of the reach, and the downstream values predicted by
both the constant and variable bankfull Shields number models
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8 Discussion: application to modern sea level rise driven
by climate change

The model presented here has direct application to modern sea
level rise associated with climate change. Figure 15 shows the
range of predictions for sea level rise over the century from 2000
to 2100, as specified in the UN Intergovernmental Panel on Cli-
mate Change (IPCC 2013). The indicated values correspond to
average rates of sea level rise ranging from 2.8 to 9.8 mm/year.
Our proposed variable Shields number model, applied in the con-
text of Parker ez al. (2008) for which a river ends in a delta, is
directly applicable to the prediction of the response of river pro-
files to modern sea level rise. Indeed, the high end of sea level
rise nearly equals to rate 10 mm/year used herein for the case of
the Fly-Strickland River system.

Certain of the results obtained in Section 6 deserve emphasis.
In the constant Shields number formulation, slope is independent
of grain size, whereas in our proposed formulation slope strongly
increases with grain size. We speculate that the latter result is
more reasonable. In the constant Shields number formulation,
bankfull width is independent of bankfull discharge, whereas in
our proposed formulation bankfull width increases strongly with
bankfull discharge. Again, we speculate that the latter result is
more reasonable.

In the present application of the model, grain size D is held
constant at 0.25 mm. In reality, however, large sand-bed rivers
typically show a tendency for downstream fining of grain size,
which may result in a somewhat stronger increase of the bank-
full Shields number and in a better prediction of the streamwise
changes in bankfull channel geometry. In order to account for this
effect, it is necessary to consider a grain size mixture and allow
for selective deposition. The methodology for this is specified in
Wright and Parker (2005a, 2005b).
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Figure 15 Range of predictions for sea level rise over the century span-
ning 2000 and 2100, as indicated in the most recent report of the UN
Intergovernmental Panel on Climate Change (IPCC 2013). The predic-
tions correspond to average rates of sea level rise ranging from 2.8 to
9.8 mm/year
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9 Conclusions

Previous relations for the dependency of bankfull width, bank-
full depth and bed slope have been based on the assumption of
constant formative bankfull Shields number. Here we show that
this assumption does not adequately represent the data. We pro-
pose a new relation for which bankfull formative Shields number
is a variable. The implications of our proposed relation are as
follows.

e Empirical analysis of measured data from natural rivers show
that the bankfull, or formative Shields number can be accu-
rately described as a universal function of slope and grain
size than by a constant value. This function was determined
from a data base including 230 river reaches, with bank-
full discharge varying from 0.34 to 216,340 m®s™!, bankfull
width varying from 2.3 to 3400 m, bankfull depth varying
from 0.22 to 48.1m, bed slope varying from 8.8 x 1076 to
5.2 x 1072, and characteristic bed grain size varying from
0.04 to 168 mm.

e This relation gives the unexpected result that when bank-
full shear velocity and bankfull depth are computed from the
relation for bankfull Shields number, they are dependent on
kinematic viscosity of water but independent of bed material
grain size.

e The dependence of bankfull shear velocity on viscosity may be
due to the presence of fine-grained suspended sediment load in
the system, the characteristic grain size of which is not repre-
sented by the characteristic grain size of the bed material. The
fall velocity of fine sand and silt is strongly dependent on vis-
cosity, and it is from this material that much of the floodplain
is constructed.

e Bed material grain size, does, however, enter in the predictive
relations for bankfull depth, bankfull width and bed slope as
functions of bankfull discharge and bankfull total bed material
load.

e The proposed relation for bankfull Shields number can be
implemented into a model for the long profiles of bankfull
width, bankfull depth, bed slope and bed elevation self-formed
channels using, relations derived from: (a) our proposed
empirical relation for bankfull Shields number, which varies
with slope and grain size, (b) momentum balance, (c) conti-
nuity, (d) a relation for resistance coefficient, and (e) a bed
material load transport relation.

e Models using the constant bankfull Shields number formu-
lation, applied to the case constant sea level rise at a rate
of 10 mm/year associated with Holocene deglaciation, pre-
dict long profiles for which bankfull depth and width increase
unrealistically in the downstream direction. A more reason-
able pattern is predicted from our proposed variable bankfull
Shields number formulation.

e Our new model is directly applicable to the prediction of
river response to modern sea level rise associated with cli-
mate change. Predicted rates of sea level rise range from 2.8
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to 9.8 mm/year, the upper bound corresponding to the case
modelled here.

Acknowledgements
Input from Brandon McElroy is very much appreciated.

Funding

This research was supported by the United States National Science
Foundation, through Award Numbers 1209427 (WSC-Category 2)
1135427 (FESD Type I) and DGE 11-44245 (Graduate Research
Fellowship Program).

Notation

Byr = bankfull width (m)

By = floodplain width (km)

Cz = dimensionless Chezy coefficient (—)

Czp = reference dimensionless Chezy coefficient (—)

D = bed material grain size (mm)

Dypane = characteristic size of fine-grained sediment in
the banks and floodplain (mm)

D = (Rg)'3D/v*/* = dimensionless grain size of
bed material (—)

D; . = (R)"3Dpuy/v?? = dimensionless grain size
of bank/floodplain material (—)

g = acceleration of gravity (ms2)

Hyr = bankfull depth (m)

ﬁbf = dimensionless depth (—)

Ir = flood intermittency (—)

L = reach length (km)

m = exponent in the proposed bankfull Shields
relation (—)

ny = exponent of an example sediment transport
relation (—)

ng = exponent of the relation for dimensionless
Chezy coefficient (—)

Owr = bankfull discharge (m?s")

Owr = total volume bed material load at bankfull flow
(m3s1)

qwy = volume bed material transport rate per unit
width at bankfull flow (m?s™!)

R = submerged specific gravity of sediment (—)

Repank = Vs,pank/ (RgDpyn) "/, dimensionless fall velocity
of bank/floodplain material (—)

S = bed slope (—)

Sk = reference slope (—)

t = time (s)

Uy = bankfull flow velocity (ms™')

uy = bankfull shear velocity (ms™')

i,y = dimensionless shear velocity (—)

Vs = sediment fall velocity

vspank = fall velocity of fine-grained bank/floodplain
material (ms™")

X = downstream coordinate (km)

oEH = coefficient of the Engelund—Hansen load

relation (—)
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ar = coeflicient of the relation for dimensionless
Chezy coefficient (—)

a; = coefficient of an example sediment transport
relation (—)

B = coefficient in the proposed bankfull Shields
relation (—)

n = bed elevation (m)

Ndev = deviatoric bed elevation (m)

A = mud/sand deposition ratio (—)

A, = porosity of the channel/floodplain bed
sediments (—)

v = kinematic viscosity of water (ms~?2)

&5, = initial sea level elevation (m)

&; = assumed rate of sea level rise (mm/year)

p = water density (kgm™3)

tbj- = formative (bankfull) channel Shields number (—)

T} = critical Shields number (—)

75 = reference formative (bankfull) channel Shields
number (—)

¢; = coefficient of an example sediment transport
relation (—)

Q = channel sinuosity (—)

The supplemental data for this article can be accessed at http://
hydrolab.illinois.edu/people/parkerg//VariableShieldsModel
BasicData.htm.
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